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Abstract 

We indicate a way of distinguishing between structures, for 
which, two structures are said to be separable. We show that 
for any first order theory T in a countable language, if it has an 
uncountable set of countable models that are pairwise separable, 
then actually it has such a set of size 2 N °. 



It should be remarked that the main theorem of this paper has a 
simpler proof in case we talk only about languages with equality but we 
do not include the proof here. 

We recall now some notions. Let L denote a non-empty countable 
relational language (this entails no loss of generality) : L = (Riji^i where 
/ is a non-empty countable index set and Ri is an n^-ary relation symbol. 
Denote by Xl the space 

i i= n2 (r, ». 

We view the space Xl as the space of count ably infinite L-structures, 
identifying every x = (xj)j e / € Xl with the structure 

Z4 = (N,H^) ie i, 

where R^ x {s) <3> Xi{s) = 1, for s £ N ra \ We call x the code for the 
L-structure U x . 

L Wl(J] is an infinitary language. There is a countably infinite set of 
variables. The atomic formulas are those of the form Ri(vx, . . . , v ni ), 
where Ri is a relation symbol of L and vfs are arbitrary variables. 
The formulas of L (i , lU , are built up from these formulas using negation, 
(first order) quantifiers, and finite or countably infinite conjunctions and 
disjunctions (of sets of formulas whose variables come from a fixed finite 
set). For tp, a formula of L WiaJ , let Atp denote the set of its free variables. 
A formula of L^u that has no free variables is called a sentence. 

A fragment F of is a set of formulas in L UlW containing all 

atomic formulas, closed under subformulas, negation, quantifiers and 
finite conjunctions and disjunctions. 

Definition 0.1. For (p(= <p(y)) a formula of L UlU and s a finite sequence 
from N of appropriate length (i.e, s G l Av> lw), let 

Mod(ip, s) = {xeX L : U x \= ip[s]}, 

where (p[s] denotes the sentence obtained from the formula <p(v) by 
substituting s for the free variables. (If (p is a sentence, we write Mod(<p) 
for Mod{ip ,{))). 

Let tF be the topology on Xl generated by Bf = {Mod(ip, s) : (p G 
F,s € \ a ^uj}. By a result of Sami (See [2]), tp is a Polish topology on 
X L . 

Let F be a fragment of L W1UJ . We say that x,y E Xl (or their 
corresponding structures) are separable in F, if there is <p € F such that 
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\<p*\ ^ \ ip v\ i where ip x = {s G ^00 : U x |= </?[s]}. (It is clear that 
if two structures are separable in some fragment, then they are non- 
isomorphic). Notice that, if ip is a sentence, then for all x, either (p x is 
empty or else contains only the empty sequence. 

For F a fragment of L WlL0 , let Ep be the following eqivalence relation 
on X L : 

E F = {(x, y)eX L xX L : For all if G F, \ip x \ = \<p y \}. 
Let us now state the main thorem. 

Theorem 0.2 (Main theorem). For F a countable fragment of L U1UJ , 
Ep is Borel in the product topology (Xp,tp) x (XL,tp). 

Before proving this theorem, we develop some tools that enable us to 
express appropriately sentences talking about sets. Namely, sentences 
like "the following two sets X, Y are of the same size" . 

Let ji be a bijection between N and <w ui. Then we can easily see 
that for a set X C <uj uj: 

X is infinite iff (Vn)(3m > n)/x(m) G X. 

Suppose now for X, Y subsets of <uj uj, we want to say that \X\ = \Y\ < 
ijj. (Notice that, \X\ = n, is equivalent to that there is an injective 
map / : n — > <uj uj such that f*{n) = X). We show that the following 
sentence says what we want: There is n < ui and there are injective 
maps f,g:n — > <u1 uj such that f*{g~ 1 {Y)) = X and g*{f- 1 {X)) = Y. 
Indeed, let Inj(n, <UJ ui) denote the set of all injections from n into <UJ ui. 
Then, 

\X\ = \Y\ G co (3n)(3/,s € Inj(n<»ou))(f*(n) = X A g*(n) = Y) 
=> (3n)(3/, g G Inj(n, «*V»(/* GT^)) = XA 
g*(f- 1 (X)) = Y) 

==> (3n)(3/, g G 7nj(n, <a V))(X C /*(n) AYC <f(n) 
Ag- 1 (Y) = f- 1 (X)) 

(3n)(3/, (7 G Jry(n, <a V»(|X| = l/^pOl A |F| = 

^(^lA^-^y)^!/- 1 ^)!) 

=► |X| = \Y\ G w. 

For h, an injective map from a subset of uj into uj, let /i" 1 denote 
also the map from Range{h) to uj that sends £ G Range(h) to the unique 
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element in h 1 ({£}). Remark that, for / and g like above, because they 
are injective we have: 

f*(g-\Y)) = X^ (Vt)[t el« (3s)(s e Y A f(g~\s)) = t)} 

^ (Vi)[t £l« (3s)(s e Y A g-\s) = f~\t))] 
(Vt)[t £l« (3a)( a G y A a = sCT^t)))] 

Now we are ready to prove our main theorem. 

It follows that Ep satisfies the Glimm-Effros Dichotomy (see PQ). 
Thus, it has either countably many equivalence classes or else continuum 
many classes. 

Corollary 0.3. Let T be o first order theory in a countable language. 
IfT has an uncountable set of pairwise separable (in any countable frag- 
ment of L W1U1 ) countable models, then it has such a set of size 2 N ° (and 
so has 2 N ° non-isomorphic countable models). 
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